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PREFACE 
This study is a continuation of RAND'S efforts at a better repre- 
sentation of the earth's magnetic field by use of geometry that more 
accurately represents the shape of the earth. Besides being of 
interest to those studying geomagnetism, the method is of general 
interest in potential analyses of any data taken over the surface 
of the earth. The work was performed as part of a continuing study 
of particles and fields under Contract NASr-21(05) with the National 
Aeronautics and Space Administration. 
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ABSTRACT 
A spheroid approximates the ear th  more accurately than does a 
sphere.  
s p h e r i c a l  harmonic s e r i e s ,  we must cor rec t  them t o  the  appropriate 
values  on a t rue  sphere. The change i n  the  e a r t h ' s  radius and 
l a t i t u d e ,  and i n  the d i r e c t i o n  of the vector  components must be 
considered. The correct ions have been applied here t o  values derived 
from e x i s t i n g  analyses of the  e a r t h ' s  magnetic f i e l d .  
a r e  s i g n i f i c a n t ,  the la rges t  being about 12Oy i n  the g term. 







For some time geophysicists have r e a l i z e d  t h a t  the ea r th  i s  
b e t t e r  approximated by a spheroid than by a sphere. 
pointed ou t ,  e r r o r s  a r i s e  when analyzing geophysical data  with 
spher ica l  harmonic s e r i e s  over the nonspherical  surface of the ea r th .  
While such s e r i e s  do cor rec t ly  represent ,  on the surface of the  
ea r th ,  t h a t  component of the f i e l d  from which they were der ived,  
they a re  not t rue  po ten t i a l  functions.  Hence, the other components 
of the f i e l d  cannot be determined from the ana lys i s ,  nor can the  f i e l d  
A s  Schmidt (1889) 
be extrapolated inward and outward through source-free regions.  
Schmidt analyzed t h e  e a r t h ' s  magnetic f i e l d  i n  e l l i p s o i d a l  harmonics, 
but s ince  the  deviat ions from the  spher ica l  harmonics, u n t i l  recent ly ,  
were small compared t o  the  e r rors  i n  the da ta ,  these refinements could 
be ignored. 
Now t h a t  the f i e l d  i s  being determined somewhat more accurately,  
however, t he  e f f e c t  of the  spheroidal shape of the  ea r th  becomes more 
s i g n i f i c a n t  i n  analyses of t he  data.  One or  two current spher ica l  
harmonic analyses of the f i e l d  do, i n  f a c t ,  cor rec t  f o r  these devia t ions ,  
r e f e r r i n g  da ta  t o  a true sphere r a t h e r  than t o  the  e a r t h ' s  spheroidal  
surface.  I n  order t o  have a consis tent  s e t  of coe f f i c i en t s  t o  measure 
secular  changes i n  the  f i e l d ,  it i s  d e s i r a b l e  t o  update the  o lder  
analyses t o  include these refinements where possible .  The present 
paper forms the  second of a s e r i e s  of two papers concerned with develop- 
ment of a methodology t o  t h i s  end. 
1964, and references there  c i t e d ) ,  we indicated small cor rec t ions  
required i n  various published spher ica l  harmonic analyses of the 
I n  the  f i r s t  paper (Kahle, e t  a l . ,  
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geomagnetic field in order that they be referred to a true sphere 
rather than the earth's surface. 
considered, however. In this present paper, we continue these improve- 
ments by including the smaller but still significant corrections for 
latitude and direction. 
Although we can of course extend our methods to an even more 
Only the difference in radius was 
complex geoid, we will not attempt this here. 
are also available. For instance, the data could be fitted using 
ellipsoidal harmonics, but these are geometrically less suited to 
convenient physical interpretation. Cain, et al. (1964) have also 
shown the direct method of measuring the height to a satellite-borne 
magnetometer from a sphere instead of from a spheroid. 
Other methodologies 
- 3 -  
11. METHOD 
The usual  equations fo r  analyzing the e a r t h ' s  magnetic f i e l d  of 
i n t e r n a l  o r i g i n  i n  a sphe r i ca l  harmonic series are 
dPm m m n 
de n 
n+2 1 av 
x = -  - (cos e )  2 
r a9 n m 
n+2 1 
C m (-gr s i n  + h: cos a) Pm (cos 8) n > 
s i n  9 n m 
and 
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I 
It i s  usual ly  assumed t h a t  on the  surface of t h e  e a r t h  r = a = cons tan t .  
F i e l d s  of e x t e r n a l  o r i g i n  a r e  ignored, s ince  these a r e  i n s u f f i c i e n t l y  
I 
1 
defined by the  survey da ta .  
I f  the  e a r t h  were a sphere,  t h e  c o e f f i c i e n t s  ( the  g ' s  and h ' s )  
could be determined from measurements of any one of t he  t h r e e  f i e l d  
components X ,  Y ,  o r  Z .  I n  p r a c t i c e ,  each of t hese  i s  o f t e n  analyzed 
separately;  then the  r e s u l t i n g  c o e f f i c i e n t s  may be averaged. Due t o  
the  geometry of the  e a r t h ,  however, t he  X ,  Y ,  and 2 components as  
measured a r e  not t h e  de r iva t ives  of a p o t e n t i a l  i n  sphe r i ca l  coordi-  
na t e s  as assumed. Hence, the  th ree  analyses should, and do, r e s u l t  
i n  t h r e e  d i f f e r e n t  sets  of c o e f f i c i e n t s .  Much of t he  d i f f e rence ,  i t  
i s  t r u e ,  comes from e r r o r s  i n  the  d a t a ,  but p a r t  i s  i n t r i n s i c  i n  t h e  
inco r rec t  geometry. I n  order  t o  co r rec t  these e x i s t i n g  analyses ,  t h e  
coe f f i c i en t s  from the  X ,  Y ,  and Z analyses must be ava i l ab le  sepa ra t e ly .  
Figure 1 i l l u s t r a t e s  the d i f f e rences  between a spheroid represent-  
ing the  ea r th  and a sphere. The most s i g n i f i c a n t  i s  the  d i f f e rence  
i n  rad ius .  The r a d i a l  d i s t ance  t o  the e a r t h ' s  su r f ace  is  
a 
0 
2 2 %  r =  e (1 + € cos 0 )  
where according t o  Bomford (1962), Fischer  (1960) f i n d s  a the  
equa to r i a l  r ad ius ,  i s  6378.155 km, and c is  an e l l i p t i c i t y  parameter 
0' 
2 
0.00673863. The polar  radius  i s  6356.773. Also important,  however, 
i s  the difference between the  measured (geodet ic)  c o l a t i t u d e  0 '  and 
the sphe r i ca l  coordinate 0 (geocentr ic  c o l a t i t u d e ) :  
2 cos e (1 + E  ) 





This amounts t o  about 0.2 degrees i n  middle l a t i t u d e s .  I n  t h i s  
connection, we can see t h a t  t h e  X (nor th)  and Z ( v e r t i c a l )  components 
of t he  f i e l d  a r e  not  r e a l l y  measured i n  the  d i r e c t i o n  of the  sphe r i ca l  
coordinates 0 and r .  
e e 
What i s  required is  t o  know t h e  components of t he  f i e l d  (Xo and Zo) 
i n  t r u e  spherical  coordinates on a sphere of radius  a ,  where they can 
then be co r rec t ly  analyzed with sphe r i ca l  harmonics. For convenient 
comparison with previous r e s u l t s ,  we take the  radius  of t h i s  reference 
sphere t o  be the mean radius of the e a r t h ,  a = 6 3 7 1 . 2 .  
Knowing the measured X Y e ,  and Ze  on the  surface of t he  e a r t h ,  e '  
o r  the  g ' s  and h ' s  derived from each component s epa ra t e ly ,  t he  f i e l d  
components i n  the  d i r ec t ions  normal (Z ) and tangent (X 
sphere (Fig. 1) a r e  found from 
Yo) t o  t he  
0 0' 
Xo = X  coscy - Z  sincy , e e 
Zo  = X  s i n  (Y + Z cos cy e e 
and 
2 2 %  
cos cy = 
[l + c 2 ( 2  + e ) cos e; 
These values s t i l l  represent  t he  f i e l d  on t h e  spheroid. They 
must be extrapolated inward o r  outward t o  the  reference sphere. This 
is  accomplished by mult iplying t h e  c o e f f i c i e n t s  of the o r i g i n a l  
(unrevised) analysis  by the  f a c t o r s  ( r  /a)"+' p r i o r  t o  the  r o t a t i o n .  
Since the  o r ig ina l  analyses do not represent  t r u e  p o t e n t i a l  func t ions ,  
e 
t h i s  provides only an approximate ex t r apo la t ion ,  but t he  e r r o r  i s  of 
second order  i n  c 2  and hence neg l ig ib l e .  I n  p r a c t i c e ,  both correct ions 
can be accomplished with one computer operat ion.  These new f i e l d  
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values ,  i n  the proper d i rec t ions  and on the sphere,  can then be 




W e  have appl ied t h i s  procedure t o  th ree  s e t s  of geomagnetic da ta  
where coe f f i c i en t s  f o r  the X ,  Y ,  and Z components were ava i l ab le  sepa- 
r a t e l y :  the U.S. c h a r t s ,  epoch 1945 (Vestine e t  a l . ,  1947); the U.S. 
c h a r t s ,  epoch 1955; and USSR cha r t s ,  epoch 1955 (Vestine e t  a l . ,  1963). 
The o r i g i n a l  and revised coe f f i c i en t s  f o r  the  U.S. 1955 d a t a ,  and the  
d i f fe rence  between the  two s e t s  of coe f f i c i en t s  a r e  given i n  Table 1. 
As i s  the  usual  p r a c t i c e ,  the  coe f f i c i en t s  obtained from the  X and 
Y components of t he  f i e l d  were averaged a f t e r  the ana lys i s .  It should 
be noted tha t  the  E r e v i s e d  coe f f i c i en t s  d i f f e r  s l i g h t l y  from the pub- 
l i shed  coe f f i c i en t s  c i t e d  above because of a second standard ana lys i s  
having been made when b e t t e r  da ta  and an improved computer program 
were ava i lab le .  
0 0 
1 3 It can be seen t h a t  the  revised g term and g term d i f f e r  s ign i -  
f i c a n t l y  from the  o r i g i n a l ,  by about 9Oy and 12% respec t ive ly ,  while 
the  r e s t  show smaller changes, 2Oy o r  l e s s .  The geometry involved 
causes the e r r o r  i n  the  nth coe f f i c i en t  of t he  incor rec t  type ana lys i s  
t o  show up as  small  values i n  the coe f f i c i en t s  n t 2 .  That i s ,  a pure 
centered-dipole f i e l d  would have a la rge  gy term and a small g term 
i n  the  incor rec t  ana lys i s .  
d ipo le  component, i s  most a f fec ted  i n  these  two terms. It i s  of 
0 
3 
Thus the  e a r t h ' s  f i e l d ,  with i t s  la rge  
i n t e r e s t  t o  note t h a t  roughly 2/3 of the  co r rec t ion  is  due t o  the  
change i n  radius  while 1/3 comes from the  l a t i t u d e  and d i r e c t i o n  
changes. 
These new c o e f f i c i e n t s  do represent a p o t e n t i a l  func t ion ,  so  the  
f i e l d  i n  t h e  source-free space near t he  e a r t h ' s  sur face  can be de t e r -  
-10- 
Table 1 
n m  
1 0  
1 
2 0  
1 
2 






















CORRECTIONS APPLIED TO VARIOUS 
ANALYSES, I N  GAMMAS 






































174 - 243 
- 80 
- 160  
82  
99 
- 7  
- 171  
154 
- 6 0  
150 
- 1 3  
- 19  
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- 171 
153 
- 6 3  
152 
- 1 2  
- 18 
- 46 
- 46 - 
Difference 
I g l  
92 

















































N m  
1 0  
1 
2 0  
1 
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Table 1 (Continued) 
Vestine,  e t  a l . ,  1945 






































































































Vestine,  e t  a l . ,  U.S.S.R. 1955 
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c o e f f i c i e n t s  d i f f e r  from the  unrevised f i e l d  by over 2 0 6 ,  t h i s  d i f f -  
erence is of the  same order  as t h a t  estimated previously by Cain, 
e t  a l .  (1964). Conjugate po in t s  can d i f f e r  by more than 30 km. Thus, 
t he  differences a r e  seen t o  be s i g n i f i c a n t .  
Calculat ions of the f i e l d  a t  a height of 500 km, us ing these  
These correct ions a r e  now being estimated f o r  some of t he  e a r l i e r  
analyses of the  e a r t h ' s  magnetic f i e l d ,  i n  t h e  i n t e r e s t s  of uniformity 
and accuracy of representat ions of t h e  f i e l d  as a funct ion of t i m e .  
-13- 
REFERENCES 
Cain, J. C., S. Hendricks, W. E. Daniels, and D. C. Jensen, 
"Computation of the Main Geomagnetic Field from Spherical Harmonic 
Expansions ,I1 
X-6 11-64-3 16,  1964. 
Goddard Space Flight Center, Greenbelt, Md., 
Bomford, G., Geodesy, Oxford University Press, London, 1962, p. 383. 
Kahle, A .  B., J. W. Kern, and E. H. Vestine, "Spherical Harmonic 
Analyses for the Spheroidal Earth," J. of Geomagnet. Geoelec., l6, 
229-237, 1964. 
Schmidt, A . ,  "Mathematische Entwicklungen zur allgemeinen Theorie des 
Erdmagnetismus," Archiv der Deutschen Seewarte, No. 3 ,  Hamburg, 
1889. 
Vestine, E. H., L. Laporte, I. Lange, and W. E. Scott, "The Geomagnetic 
Field, Its Description and Analysis ,I1 Carnepie Inst. Wash. Publ., 
Publication 588,  Washington, D. C., 1947. 
Vestine, E. H., W. L. Sibley, J. W. Kern, and J. L. Carlstedt, 
"Intergral and Spherical-Harmonic Analyses of the Geomagnetic 
Field for 1955.0,  Part 1," J .  Geomagnet. Geoelec., IS, 47-89, 1963. 
